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Relaxation-Time Approximation for a Boltzmann
Gas in Robertson—Walker Universe Models
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Given Einstein’s theory of gravitation, the relaxation-time approximation for a
general-relativistic Boltzmann equation is studied with a view to demonstrating
its usefulness in the context of Robertson—Walker universe models. Solutions of
the full nonlinear equations for the metric and the distribution function are
examined, together with their relation to linearized perturbations. Emphasis is
placed on finding analogs of the exact results on strong or weak convergence to
equilibrium employed in special-relativistic kinetic theory. At the late stages of
cosmic expansion, an explicit choice of the empirical collision frequency is made
to fit optimally the relaxation-time model to the “actual” Einstein-Boltzmann
system. Finally, perspectives for some future generalizations are outlined.

1. INTRODUCTION

At the early and late stages of cosmic expansion, the Einstein—Boltzmann
coupled system of equations can be used to describe the time evolution of
a collision-dominated one-component gas of massive particles. Solving this
system is not simple, but it turns out that there exists a straightforward
approximate scheme when the matter is only slightly perturbed away from
the background Robertson—-Walker cosmological model. Indeed, under these
circumstances, the linear perturbation method is a very effective mathematical
technique which allows a study of general-relativistic dynamics to be feasible.
With such a method, the metric and the distribution function may be deter-
mined directly from an analysis of the linearized Einstein—Boltzmann system
(see, e.g., Banach and Piekarski, 1994a-c). Accordingly, it seems also
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important to consider the validity of perturbation techniques by finding the
propetties of solutions of the full nonlinear Einstein—Boltzmann system near
the Robertson—Walker solutions, together with their relation to solutions of
the linearized field equations.

Unfortunately, as already remarked, the original Einstein—Boltzmann
equations are not easy to solve and to analyze, and clementary inspection
shows that the difficulty in solving the Boltzmann equation is largely due to
the complicated structure of the nonlinear collision term. Consequently, in
order to examine the question concerning the range of validity of perturbation
theories, it is very tempting to try guessing model equations with the same
basic features as the Boltzmann equation, but simpler to solve. For cosmologi-
cal problems, a considerable but nontrivial simplification can be achieved if
one postulates that the collision term takes the Bhatnagar—Gross—Krook form
(Bhatnagar et al.,, 1954). In this case, the time evolution of the metric and
of the distribution function is governed by the general-relativistic system of
equations, which we call the Einstein—Krook system.

One major reason for investigating the properties of the Einstein—Krook
system is as follows: the resulting nonlinear theory may be compared with
perturbation theory in a much closer way than the original Einstein—
Boltzmann theory. To illustrate this, we shall give an example. The simplest
situation is when the space-time geometry is that of a k¥ = 0 Robertson—Walker
spacetime. Then the discussion of the linearized Einstein—Boltzmann system
in the late universe allows one to find a necessary and sufficient condition
under which every small perturbation of the equilibrium distribution function,
either classical or relativistic, decays to zero as time goes on (Banach and
Piekarski, 1994a). However, one cannot easily obtain a corresponding condi-
tion for the full nonlinear Einstein—Boltzmann system, because such a system
is far less amenable to analytic solution than is its linearized version. On the
other hand, a systematic description of the time evolution of a Boltzmann
gas in terms of model equations may give the distinct possibility of gaining
qualitative insight into the more complicated nonlinear regime.

In this paper, the Einstein—Krook system is studied with a view to a
deeper understanding of the connection between linearized solutions and
solutions of the full nonlinear equations. For simplicity, we assume that the
metric is of Robertson—Walker form. It is shown that if certain plausible
inequalities are satisfied, then the Finstein—Krook system drives the molecular
density for a one-component gas of massive particles toward a Maxwellian
distribution of microscopic momenta. Moreover, we consider the linearized
equations to infer that physically reasonable solutions of these equations do
indeed correspond to solutions of the full nonlinear system. Finally, we
compare both of these models with one based on the Einstein-Boltzmann
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theory which has already proved useful in a cosmological setting (Banach
and Piekarski, 1994c¢).

At first sight, the relaxation-time approximation for a Boltzmann gas is
an ad hoc postulate which does not arise from a rigorous starting point.
Nevertheless, under conditions appropriate to the introduction of perturbation
theory, one reasonable method of obtaining a molecular formula for the
empirical collision frequency would be to guess its form using such guidance
as is avaiiable from a discussion of the linearized Boltzmann equation. The
agreement with complete theory is found to be very good in this case, and
one can see from the results that the linearized Einstein—Krook system exhibits
the same basic features as the corresponding Einstein—Boltzmann system if
the empirical collision frequency is adequately chosen. This in turn shows
that the problem of the trend to equilibrium for Robertson—Walker universe
models is not an artifact of using a phenomenological theory such as the
relaxation-time kinetic theory.

Another remark is also in order. Even if the metric were not exactly
isotropic and spatially homogeneous, as would be the case for perturbations
near the Robertson—Walker data, the knowledge of properties of the Einstein—
Krook model may still offer specific advantages in the exploration of some
of the different aspects of physical cosmology. Among the problems that
can be studied with this sort of approach, the examination of the effect of
inhomogeneities on the time development of perturbations presents a most
interesting challenge. Thus, for example, it would be important to provide a
rigorous derivation of the Jeans instability via a linearized Einstein-Krook
system and to show explicitly that the evolution of the distribution function
is affected by particle horizons. Clearly, we here concern ourselves with
situations where the pressure does not vanish in the background; otherwise
the Jeans criterion is irrelevant to this evolution, whether we consider large-
or small-scale inhomogeneity, because the individual world lines evolve
independently (see, e.g., Banach and Piekarski, 1994c, Section 6). In any case,
the relaxation-time approximation will find its most interesting applications in
considerations of the distribution function for large values of the wave vector,
away from the usual hydrodynamic regime where more conventional methods
(relating collision times to representative macroscopic times) are successful.

We here proceed as follows. To prepare for the discussion, Section 2
specializes the Einstein—Krook system to the case of homogeneous and iso-
tropic model universes, flat and positively or negatively curved. Given such
a specialization, Section 3 in turn formulates a simple theorem of the weak
trend to equilibrium. Section 4 first derives the linearized perturbation equa-
tions and then compares the predictions of the Krook and Boltzmann theories
in a physically interesting context. Section 5 indicates the direction of
future research.
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One final word regarding this paper. Some of the results reported in
Section 3, especially those based on strong or weak convergence to equilib-
rium, were completed before April 1993.

2. DESCRIPTION OF THE EINSTEIN-KROOK SYSTEM

In the Robertson-Walker spaces, one can choose coordinates so that the
metric has the form (Misner et al., 1973)

ds? = —c?dt®> + [R@O/WTH(dx"? + (dx?)? + (dx*)3] (2.1a)
where
W:=14 KH(xH? + & + 32 (2.1b)

and where k is the (constant) spatial curvature. By an appropriate choice of
units, the value of &k can be made to be +1, —1, or 0. The corresponding
solutions for the expansion factor R(f) represent, respectively, spaces of
positive or negative curvature or flat space.

We shall consider only a simple gas, i.e., an assemblage of material
particles with a continuous distribution function f(z, p"), all having the same
proper mass m. The components of the particle four-momentum with respect
to a local orthonormal tetrad {c™' 8/3¢, (W/R) 0/3x"} will be denoted by p®.
In our notation, Greek indices range from 0 to 3, Latin indices from 1 to 3.
We assume for concreteness that f(z, p") depends on p" through ¢ :=
(p'p)"2. Then the Boltzmann equation may be written as

F_ g8 _

3 3 J(H) 2.2)

Here J(f) is a collision term and H is Hubble’s parameter defined by H :=
RIR.

Since Boltzmann’s expression for J(f) is quite formidable, a more phe-
nomenological approach has often been preferred (Bhatnagar et al., 1954),
based on the use of a relaxation-time approximation of the collision term,

Jf)=—vf-F 2.3)

where all the physics is supposed to be included in a single function v(z) that
should be evaluated elsewhere with a specific model. We name v the empirical
collision frequency. In relativistic theory, one characterizes F by

F := 2uh) 3 exp[(pn — cp®)kgd] 2.4)

This is, of course, the Maxwell-Jiittner molecular density (Synge, 1957).
The question then arises of how to fit the parameters w(f) and O(¢) to the
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actual f(¢, g). For our nonequilibrium gas, p and 9 are constrained to satisfy
the conditions

J g*F dq = nldmw, J P°q*F dq = eldmc (2.5)
0 0

in which #n is the number density and e is the energy per unit volume:

n:= 4w [ g fdq, e:=4mnc J P°q*f dg (2.6)

0 0

Interpreting J(¢), we call this object the relativistic temperature of a gas at
the time ¢. Clearly, the fitting of F to f is nonlinear in f. Indeed, when we
come to apply (2.5) to (2.6), we recognize that p. and ¥ are complicated
functionals of f. Nevertheless, only under the foregoing conditions does the
resulting nonlinear model exhibit all the elementary, qualitative features of
the Boltzmann equation; specifically, it admits an easily proved H-theorem.
The Einstein equations for the expansion factor R(#) given in (2.1a),
with the energy density of equations (2.6) and the pressure defined by

p = (4mc/3) J (1/p0q%f dg 2.7
0
may be written as
H? = 8wG/3c%e — kc?R™? (2.8a)
H + H?> = —(4wG/3c?)(e + 3p) (2.8b)

where G is Newton’s gravitational constant. The equation of conservation of
energy takes the form

é+3e+pH=0 2.9

This equation, of course, follows directly from (2.8) and is also consistent
with the properties of a relaxation-time approximation of the collision term.
As to the conservation equation for the number density n, we easily find
from (2.2) and (2.5) that

nR? = const (2.10)

With all these definitions in mind, the coupled system of governing
equations for fand R consists of (2.2) and (2.8a), and the remaining cosmologi-
cal equations are automatically fulfilled because of (2.5). Here and henceforth,
we shall refer to (2.2) and (2.8a) as the Einstein—Krook system.
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3. ELEMENTARY PROPERTIES OF THE RELAXATION-TIME
MODEL

3.1. Some Useful Transformations

In order to integrate completely a simple relaxation-time kinetic equation

¥ g ¥ -
w Hag, = P 3.1

it is necessary to be able to determine the dynamical evolution of four
variables: R(z), p(f), O(), and v(r). In principle, after specifying v, this evolu-
tion is obtainable from a rigorous analysis of the Einstein—Krook system.
However, since the parameters . and ¥ depend intricately on f, we must
reject the possibility that we could solve equations (2.8a) and (3.1) analytically
for R and f; and even if we could, the results would be difficult to describe
and to interpret. Fortunately, at the late stages of cosmic expansion, there
are certain relations which it is physically reasonable to assume for the gas-
state variables. These will be discussed in this section. It turns out that in
many circumstances these are sufficient to prove the existence of the trend
to equilibrium, independent of the exact form of R, p, 3, and v,
First, if the approximate condition

DR? = const 3.2)

illustrates the dependence of ¥ on R in the late universe (Peebles, 1980),
then it is convenient to define the “nonrelativistic” temperature T as follows:

T:= bkg'R™? (3.3)

In this equation, b is a positive constant which can be calculated uniquely
by requiring that the quantity
I':=T1h (3.4

evolves toward one. Clearly, I measures the relative size of the nonrelativistic
temperature compared to the relativistic temperature. With such a definition
of T, the result (2.10) changes into an alternative form

n(2mmkyg T)™%? = const (3.5)

Now implement a time-dependent canonical transformation from the
original variable g to a new variable z obeying

z:= QmkgT) V2q (3.6)

Turning our attention back to (3.1), we then see that f(#, z) will satisfy a
transformed equation of the form
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of(t, z
PED — —vorse,2) - ¥, 2] 37
where, as before, F stands for the Maxwell-Jiittner distribution function.
The next stage in the discussion is to express F in terms of z and ¢. After
a fair amount of algebraic calculation, equations (2.5) may be rewritten as

exp(pkad) = Quh)Y[drmickydK,(M)] 'n (3.8a)
elmnc? = 3IM) + K(M)/K,(M) (3.8b)
where K (M), r = 1, 2, ..., «, are the modified Bessel functions of the

second kind; M is linearly proportional to the inverse of O:

M := mcHkgd (3.9
Further, introduce the dimensionless factor

Kk := kgT/mc? (3.10)

Using the obvious identity p® = mc(1 + 2xz%)"?, we then find from (2.4)
and (3.8a) that

£ O kT exp[ + <12£Z;Kz2)“2] G1D
Here () is given by
Q2= IO, ™ (3.12)
where
O,(M) := (2M/m)""* exp(M) K (M) (3.13)

Equation (3.11) has the advantage that, for 1 = I' = 1 and k = 0, the
Maxwell-Jiittner distribution function F takes the very simple form

F=F exp(—z?) (3.14)

=T
" Qumkg T
Such a form is called a Maxwellian molecular density.

We are now ready to examine the consequences of using the above
formulas in the context of (3.1). This could hardly be achieved with the full
nonlinear Boltzmann equation, even though the present type of analysis has

been successfully applied to the linearized Einstein—Boltzmann system (see,
e.g., Banach and Piekarski, 1994c).



768 Banach and Makaruk

3.2. Evolution of the Distribution Function at Late Times

One possible way to determine the evolution of fis simply to integrate
equation (3.7) from the time £, to the time ¢. It follows that, if f; — F, is the
initial value of f — F, and if, moreover, the function F(¢, z) is continuously
differentiable with respect to ¢, it will always be possible to obtain a formula
of the form

ft, 2 = F(@, 'Z) + Alto, Dlfo(2) — Fo(2)] (3.15)
- J' A(o, DF(o, 2) do

L}
where an overdot indicates differentiation with respect to o or ¢ and A(o, #)
is defined by

Ao, D) := exp[-—f u(s) ds] (3.16)

with o ranging from 1, to .

Matter is treated here as an assemblage of material particles, which in
the case of a chemically inert fluid might be a hydrogen gas during the dust-
dominated epoch, for a redshift Z = 1000 until Z = 30 or so. Under these
assumptions, we can compare the relaxation-time model with a full nonlinear
Boltzmann equation. But the latter provides a most natural route to calculating
the empirical collision frequency (discussed in Section 3.3 below) and to
verifying that the rate of growth of v™! is no greater than that of the inverse
of Hubble’s parameter H. Thus the following condition arises which we call
the kinetic-theory condition: There exist times £y and ¢, t; > f, such that

H(®) > 0, w(t) = H(?) 3B.17)
when ¢ & [f, t;). Hence, by combining (3.16) and (3.17), one obtains the
largest upper bound for A(o, 1)

Ao, ) < R(a)/R(D) (3.18)

where to = 0 =t < 4.

What one must do now is to differentiate the function F as given by
{(3.11) with respect to time. After a bit of mathematical manipulation which
employs only the following well-known inequalities [see also Synge (1957),
equations (370) and (372), pp. 88, 89]:

1+ (S/M P=0,M =<1+ (15/8)M~ + (105/128)M 2
(3.19a)
and

—(15/8)M {1 + (118)M '] = dO,(M)/dM = —(15/8)M 2
(3.19b)
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one finds from k = —2kH and M = k™ 'T that

|F(@, 2)| = 8F(, z){ [m + 22] T

1
+ | == + I'()z* |«(DH(¢ 3.20
[m 0z ]K() ()} (3.20)
if H>0and M > 1.

Motivated by the above considerations, we can now formulate our
main theorem.

Theorem. Let t € [t;, t;). Consider a situation in which H > 0, v = H,
and M > 1. Assume further that there exist positive constants B and C such that

IT(1)| = Br(HH() = % Bk(?) (3.21a)
and
I'ey = C, 1T < C (3.21b)
Then
[f(t, 2) = F(t, 2)| = G(t, DIRt)/R(D)] (3.222)

where [see equation (3.5)]

Gto, 2) := |fo(2) — Fo(2)| + 8nC*Qmmkp T) >

2C7 172 2 4
X exp 1T [+ 22" (1 + BYC + z* + CzMx(ty)
(3.22b)
Proof. By (3.3), (3.10), and (3.18) we find that
Jr Ao, Hk(0)H(0) do = w(ty)[R(1o)/R(D)] (3.23)
19

Since 1 B(t, z) | satisfies the inequality (3.20), the theorem follows from (3.11),
(3.12), (3.15), (3.18), (3.19a), (3.21), and (3.23). =

Remark. Any attempt to prove the validity of (3.21) is equivalent to
solving the Einstein~Krook system; this would involve the complete analysis
of (2.8a) and (3.7), and this we have already rejected. However, perturbation
theory, which makes it possible in particular cases, will be explained in
Section 4.
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Turning to the inequality (3.22a), we now see that there is a trend in
time: the object |f(t, z) — F(s, z)| can be bounded by a function which
decreases with increasing . Specifically, if the kinetic-theory condition holds
for all times (k = —1, 0; t; = o; lim,.,.. R(f) = ), and if () and I" approach
asymptotically 1 (see Section 4), then f(z, z) evolves toward a Maxwellian
molecular density F(z) as given by (3.14).

One might perhaps conjecture that this kind of behavior is somehow a
particular feature of the relaxation-time approximation, especially in that the
expression on the right-hand side of (3.7) contains v and F. This, however,
does not seem to be so. Other, more realistic kinetic equations are known to
exhibit the same qualitative behavior (Banach and Piekarski, 1994a), and the
possibility of obtaining a simple bound for |f — F| may be quite common
to the Robertson—Walker universe models satisfying (3.17).

3.3. Identification of the Empirical Collision Frequency

Our kinetic-theory condition can be explicitly investigated only when
the collision mechanism, as specified by the scattering cross section, is known.
In the context of Boltzmann’s equation, there will always be a preferred
family of scattering cross sections representing the so-called relativistic hard
interactions (Dudyniski and Ekiel-Jezewska, 1988). At the late stages of
cosmic expansion, they give a relationship for v in terms of the number
density and the nonrelativistic temperature [see, e.g., equations (3.8b) and
(5.9) in Banach and Piekarski (1994a)]. Precisely speaking, the best expression
for v, in the sense that it comes nearest to the Boltzmann equation, is given by

v = Aogn(@m?m) '\ 2mkg T) V2 (3.24)

where A, 0y, and j are constants (A > 0, oy > 0, j = 0). The value j = 1
arises, for instance, in the case of Maxwellian particles, repelling according
to the inverse fifth power of the distance. For the hard-sphere model, in turn,
we set [see footnote 6 in Banach and Piekarski (1994a)]

i=0, N=07339387%), g,=2r2 (3.25)

and characterize the quantity r by saying that 2r is the diameter of the particle.

The most important physical application of (3.24) and (3.25) is to atomic
hydrogen at redshifts Z = 1000. After the epoch of the decoupling of matter
and radiation, one would expect that the motion of massive particles can be
considered to be collision-free. But this is not always the case. As an illustra-
tion, given (3.24) and (3.25), we have carefully verified that our kinetic-
theory condition, namely the inequality v = H, can be used to study the time
evolution of a hydrogen gas during the cosmic expansion from Z = 1000 to
Z = 30.
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We arrived at the condition v = H from the attempts to formulate a
theorem of the trend to equilibrium. However, problems are not so simple
when the metric is not of Robertson~Walker form. In fact, one knows full
well that density fluctuations in the early universe would develop into the
irregularities we observe, and that there is no trend to equilibrium. Because
of this, attention has been concentrated on the inhomogeneous hydrodynamic
models, their relative merits, and possible tests. Nevertheless, our comments
concerning the validity of v = H in particular situations are not substantially
modified by the presence of large- or small-scale inhomogeneity (or “dark
matter” content of the universe) and are necessary to solve a methodological
problem of physical cosmology illustrated by the following paradox: How
are we to give a precise meaning to the statement that matter often behaves in
an essentially hydrodynamic way, whereas the distribution function involves
infinitely many degrees of freedom?

First of all, the temporal behavior of f is related to the value of this
distribution at the initial time. But if the condition (3.17) is assumed to be
correct over a large range of cosmic times, we can apply the inequality
Aty, 1) = R(tg)/R(1) to (3.15) and so conclude that since A approaches zero,
f is effectively expressibie in terms of hydrodynamic variables. This point
of view will be developed further in Section 5, within the framework of
inhomogeneous world models. Here we only mention the following: In the
general case, so long as the inequality v = H holds, the forgetting of the
initial distribution function is always essential for justifying a series of
assumptions made in the development of hydrodynamic theories that involve
finitely many degrees of freedom.

4. LINEARIZATION PROCEDURE
4.1. Preliminaries

In an exact description, the Einstein~Krook system would become a
complicated set of integrodifferential equations for the evaluation of R and
S At the late stages of cosmic expansion, another device worth noting is that
of using perturbation theory to obtain the linearized Einstein—Krook system.
Let us see a little more explicitly how the formalism works for Robertson—
Walker universe models. Given (3.11) and (3.14), we first define §(¢, z) and

lpE(t’ Z) by
y:=FYf-F) (4.1a)

and

Yg:=F\F—F) =0 exp{z2[1 “Tva zfmz)m]} -1 (41b
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Clearly, these are natural measures of the deviation of fand F from a Maxwel-
lian molecular density.

From the above characterization plus our notation introduced in the
previous sections, equations (2.6) and (2.7) for the energy density e and the
pressure p may be written as

€ 412 i 212 2
e 41 J:) 251+ 2k  exp(—z) [1 + ¥(t, D} dz (4.2a)

p2 =5 1T_1/2Kf 21 + 2272 exp(—z%) [1 + Y(t, 2)] dz (4.2b)
mein o

In addition to (4.2), there is a corresponding equation for the number density
n. Thus, using (3.14) and (4.1a), it follows at once that

n= 4Trj q’fdg = 417—”2nj Zexp(=2) [1 + (t, 2l dz  (4.3)
0 0
With the scalar product

00

(@1, @) 1= 4w~ 12 J 72 exp(—2%) ¢1(2)92(2) dz 4.4
1]

relation (4.3) leads to the condition
(L =0 4.5)

This condition is nicely consistent with the kinetic equation for {s. Indeed,
one can use (2.5), (2.6), (3.7), and (4.1) to obtain

AL

Yl v — ¥) (4.6)

and
(L) =1, ¥g) (4.72)
(1 + 202, ) = (1 + 2x2)'", ) (4.7b)

in which case one concludes that (1, {s) is a constant. In other words, assuming
only that {1, {) vanishes initially, as is always possible, it is enough to
guarantee the fulfillment of the constraint (4.5) for all times. Clearly, equations
(4.7) may be viewed as being equivalent to equations (2.5). By substituting
(4.1b) into (4.7) one then sees that {} and I depend on time through « :=
kgT/mc? and U

Q = Qx, ) (4.8a)
I = I'(k, §) (4.8b)
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So far, we have done no more than introduce some useful definitions
and transformations. However, consider a situation in which k' and {s are
small. Under these circumstances, we may resort to perturbation theory. Here
we do so by linearizing the expressions on the right-hand side of (4.2) and
(4.8) with respect to k and {i:

(mc?n)le = 1 + (1, ) + % K+ e (4.9a)
(mcn)™'p =Kk + -+ (4.9b)
Q=1+ 2+ 30 W -@w e+ @i
r=1+%.<+<1,¢>—§<z2,¢)+~-- (4.10b)

Suppose now that (1, {s) and (z2, ) are of the order . [Since (1, /) = const
and (z%, ) is approximately independent of the time (see Section 4.2), we
can also assume that (1, ) = 0 and (z%, &) = 0.] In the nonrelativistic range
of temperatures, g := (p'p,)'"? is about (2mkgT)"? for the vast majority of
the particles. From (3.6) and k'* << 1 we then conclude that the typical
value of z is very much smaller than k™', where s = 2, 4. Thus k' << 1
and the function g as given by (4.1b) simplifies to

Ue(t, 7) = % k()0 + (1, lb(t))@ - zz)

— {2 lb(t)><1 - %—zz) + e 4.11)
where
0(@) = —14§ -52+7 4.12)

The manner in which these results form the lowest stage of an approxima-
tion procedure will become clear below.
4.2. The Asymptotic System of Equations

Applying (4.11) to (4.6), one obtain an equation of the form

N _

1
o {5 kL[Q] — L[q:]} (4.13)
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where L denotes the linear operator whose action on ¢ is characterized by
5 2 2 2 2
Ligl:=e¢ — (L)~ 2|+ & o)l ~ 3z (4.14)

For two arbitrary functions ¢, and ¢,, we have

{¢1, Llgzl) = (Lle1l, ¢2) (4.15)

as a consequence of (4.4) and (4.14). Moreover, the independent, isotropic
solutions of the homogeneous equation L[¢p] = O are the classical collision
invariants 1 and z>. Finally, it is important to note that, because Q is orthogonal
to 1 and z?, the quantities (1, @) and (2%, {) are constants; here, of course,
s satisfies (4.13).

We have thus obtained a linearized propagation equation for ¢ which
exhibits the same basic features as the corresponding Boltzmann equation
[see, e.g., Banach and Piekarski (1994a), equation (3.12)]. Even more, to
convert all the previous calculations concerning s to the present context, one
must only observe that here L is defined by (4.14), while in Boltzmann’s
theory L is the true linearized collision operator. Hence when both (1, )
and (z%, ) vanish initially, the kinetic-theory condition yields

R(ty)
R()

This result is very much analogous to the result (3.22a). Specifically, if the
inequality v = H holds for all times and if the function R(f) increases with
increasing ¢, then ¢ evolves toward zero. Such is indeed the case, because
equations (3.3) and (3.10) give k() ~ R7%(p).

It is also straightforward to determine the form of an asymptotic expres-
sion for I'(f). More explicitly, differentiating equation (4.10b) with respect
to time, one sees immediately that

') = —5xH®) (4.17)

In obtaining (4.17) use was made of equations (3.3), (3.10), and (4.13). Here
is the best place to mention the following: At the late stages of cosmic
expansion, the results (4.10b) and (4.17) suggest that

I'n=1 |I@®|=5«OH (4.18)

|0, 2)| = > K(t)lQ(Z)l + [[¥lto, 2)| + k()| Q@[] == (4.16)

and hence by (3.21a) and (3.21b) that
B =5, C=1 4.19)

Thus the theory of (4.13) is in many respects parallel to that of (3.7), which
has been already considered.
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On substituting (3.3) into (3.10), we find that the normalized temperature
k is related to R by k = b/mc*R®. Since we are here considering the case
when k and {s are small in some suitable sense, the energy density e and the
pressure p will take the form

&
i

mczn(l + (1, ¢) + % K) (4.20a)

p = mc’nk (4.20b)

where n evolves at the same rate as R™3, i.e., nR? = const. Because of (4.13),
it is also possible to verify by direct substitution that (4.20) is a solution to
equation (2.9). The result of differentiating the first of equations (2.8) and
using (2.9) is equation (2.8b). Given (4.9) and (4.20), we now see that the
linearized Einstein—-Krook system, which governs the temporal evolution of
R and Vs, consists of (2.8a) and (4.13). This system can easily be analyzed,
especially in the case of a k = 0 Robertson—Walker geometry.

5. INDICATION OF THE DIRECTION OF FUTURE RESEARCH

The simplest cosmological models are those which are isotropic and
spatially homogeneous, and it is natural to look at these first. However, if
such models are a good approximation to the large-scale geometry of space-
time in the region that we can observe, then the next step in the analysis is
to provide a systematic framework for studying the time development of
irregularities in the matter distribution. The full nonlinear Einstein—-Boltzmann
system is in principle the starting point for all work on these problems, but
a hint of what to expect may also be obtained from consideration of Einstein’s
field equations and the relaxation-time approximation for a Boltzmann gas.

Clearly, the resulting system of equations is very complicated and has
an extremely rich variety of solutions because of its nonlinear character.
Nevertheless, in one limiting case it becomes fairly simple, namely, when the
matter is only slightly perturbed away from the background Robertson—Walker
model containing a pressure-free gas. Indeed, after replacing the system of
nonlinear equations by its linearized approximation, we can prove the follow-
ing result (Banach and Piekarski, 1994c): If the pressure vanishes in the
background, then the treatment of gases by means of the linearized Einstein-—-
Boltzmann system automatically produces a complete scheme of hydrody-
namics, consisting of a closed set of partial differential equations for the
evaluation of the mean velocity, the mass density, the temperature or the
pressure, and the metric.

The time development of hydrodynamic variables would be completely
independent of the wavelength of the perturbation if this condition were
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exactly fulfilled. Thus, in particular, Jeans’ discussion of gravitational instabil-
ity does not apply to the case considered here (vanishing pressure), for the
temporal evolution is completely unaffected by particle horizons. Suppose,
however, that the pressure is nonzero in the background. Then the following
natural problem arises: Can one find exact solutions of the linearized Einstein—
Boltzmann system which behave in an essentially hydrodynamic way and
which tend to oscillate as a sound wave when the wavelength is less than the
Jeans length? The conventional approaches focus exclusively on discussing
Einstein’s theory of gravitation in a small number of variables. Of course,
since the Einstein—Boltzmann system involves infinitely many degrees of
freedom, it remains to be seen how useful these simplified approaches will
prove here. While perhaps some deeper theory would not imply that the
resulting physical effects were large, it nevertheless seems an important
question of principle.

Various generalizations of the present method will always show that a
derivation of the questions of hydrodynamics is linked to the forgetting of
the initial distribution function in the way assumed in Section 3.3. Thus the
kinetic-theory condition is very essential for justifying a series of assumptions
made in the development of phenomenological theories. To sum up, even
though the inequality v = H can hold only for rather special (but hopefully
physically relevant) situations, the assumptions of this kind are absolutely
necessary in order to explain the Jeans criterion via a standard hydrody-
namic argument.

For the original Einstein—Boltzmann system, it is clear that much work
remains to be done to develop these ideas into a fully effective tool. The
situation would be radically different if strong analytical use could be made
of the specific form of the relaxation-time collision term in (2.3). This has
not yet been done, and the most significant application of the Einstein—Krook
system would seem to be in problems which require a systematic derivation
of the Jeans criterion for gravitational collapse.
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